We prove among several results that under mild conditions any polynomial in F q [t] is a strict sum of k 4 kth powers improving on an exponential (k 2 2 k+1 ) bound of Car-Effinger-Hayes.
Introduction
For any ring A and any integer k 1, let A k ⊂ A be the set of all sums of kth powers in A. For any a ∈ A k , let w k (a, A) be the least s such that a is the sum of s kth powers. Let w k (A) be the supremum of w k (a) where a is ranges over A k (possibly, w k (A) = ∞).
If p A = 0 for a prime number p, then w k (A) = w pk (A) for all k 1. Clearly, A k is closed under addition and multiplication. When a ∈ A k is a unit in A, then 1/u ∈ A k .
For any finite field F of q elements, it is known that (1) w 2 (F ) = 1 when q is even and w 2 (F ) = 2 when q is odd (obvious); (2) w k (F ) = 1 when gcd(k, q − 1) = 1 (obvious); (3) w k (F ) gcd(k, q − 1) k for any k and q (Tornheim [12] ); (4) w k (F ) 2 for any k when q k
For the integers Z, It is known that (6) w 2 (Z) = 4 for the integers Z (Gauss, Lagrange); (7) w k (Z) < ∞ for all k (Hilbert); (8) w k (Z) k(k3 ln(k) + 4.7) for any odd k where ln means the natural logarithm; better bounds are known for some k (Wooley [19] ).
Of special interest in this paper is the ring F [t] of polynomials in one variable t with coefficients in a finite field F of q elements. For this ring, it is known that (9) w k (F [t]) < ∞ for any k, q (Paley [10] ); (10) 
In particular, we can replace the exponential in k bound k 2 2 k+1 in (20) by a polynomial bound k 4 , and our proof is much shorter. Also we extended (20) to the case p k.
In fact in this paper, we replace the finite field F to be any field F such that −1 is a sum of kth powers. This includes any field F of finite characteristic. Also the condition holds when k is odd. This condition −1 ∈ F k is equivalent to the condition that F k is a subring (or a subfield) of F . Hilbert's proof of (6) 
We obtain better bounds when the nonzero kth powers form a subgroup of finite index in the multiplicative group of F . In the case of a finite field F q , the index is gcd(k, q − 1) (cf. (3)).
Statement of main results
For the rest of the paper, k 2, F is a field such that
If char(F ) = p = 0 and gcd(p, k) = 1, we can write k = k p α with α 1 and gcd(k , p) = 1. Then 
(iv) every polynomial in A which is a strict sum of kth powers is the strict sum of at most k 6 kth powers;
Let F * denote the multiplicative group of the field F and F * k the subgroup of the kth powers.
Moreover, if F is infinite, then: The rest of the paper is about proving Theorems 1.1, 1.2, and 1.4.
is a strict sum of kth powers (Webb [16] ) so the theorems can be simplified. (ii) The fact that w k takes on (F k ) * all values between 1 and w k (A) implies that increasing if necessary the values, we can make them 1, 2, . . . , K which gives the following result about an average value of w k on nonzero elements of F :
Proof of Theorem 1.2
Assume now that F is infinite.
(ii) By Bergelson and Shapiro [1] 
Proof of Theorem 1.4
We assume in this section that k = 0 in F and that −1 ∈ A k . For any rational number x, we denote by x the least integer s satisfying x s. For any integer
Proof. It is easy by induction on s using that
Proof. It is well known that (k − 1)/k e −1/k (Pólya and Szegö [11, Problem 171] ) and that We set s = k ln(k + 1) and apply s times Lemma 3.1. So there are s polynomials
By Corollary 3.4, 
Proof. In view of Proposition 3.5 (using that 3 ln(k) > ln(k + 1)) we can assume that D < k 4 , hence d k 3 . We set s = 3k ln(k) . As in the proof of Proposition 3.5, we find n = w k (F ) + s polynomials x i ∈ A with deg( 
